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Weak Convergence of Measures

» A sequence of finite Borel measures {pi,} ey on @ metric space
X weakly converges to a measure p if the integrals
{Jx fdpin}nen converge to [, fdpu for any bounded continuous
f: X—R.

» Prokhorov metric on finite Borel measures: p(u,v) := the
infimum over all € > 0 so that u(A) < v(A€) + € and
v(A) < pu(A°) + ¢ for all A € B(X), where

» B(X) is the Borel o-algebra of X;

> A= UaeA B(av 6);
» B(a,¢) is the open ball of radius € around a.

» If X is a separable metric space, the space M(X) of finite Borel
measures on X becomes a separable metric space under the
Prokhorov metric.



Computable Analysis

» A computable metric space is a triple (X, d, S) with the
following properties:

» (X,d) is a complete separable metric space
» S ={s;:i €N} is a countable dense subset of X

» d(sj,s;j) is computable uniformly in i, j

» Examples:

> (R,[-],Q)

» (29, dc, Sc) where dc(X, Y) = 2= min{mX(m#Y(n)} and
Sc ={o0¥ : 0 € 2<¥}

» Throughout the talk, we will focus on X = R.



Computable Analysis

» A Cauchy name of x € R is a computable sequence of rationals
{Gqn}nen so that |gn — gni1] < 27"

» A function f :C R — R is computable if there is a Turing
functional that sends a Cauchy name of x € dom f to a Cauchy
name of f(x).

» A compact-open (c.0.) name of a function f € C(R) is an
enumeration ps € X of the set {N; ;: f € N; 4}, where
» 3 is a finite alphabet;
| C R is a compact interval;

J C R is an open interval;
N,y ={f € C(R): f(I) C J}.

vV vVvYyy

» A function F :C C(R) — R is computable if there is a Turing
functional that sends a c.0. name of f € dom F to a Cauchy
name of F(f).



Computable Measure Theory

» A measure ;1 € M(R) is computable if ;i(R) is computable and
u(U) is left-c.e. uniformly from (an index of) a 9 subset U of
R.

» A sequence {pin}nen in M(R) is uniformly computable if p, is
a computable measure uniformly in n.



Computable Measure Theory

Work by M. Hoyrup and C. Rojas! gives us the following:

» (M(R), p, D) is a computable metric space, where D denotes
the space of finite rational linear combinations of Dirac
measures on R.

» € M(R) is computable if and only if /, : f — [ fdp is
computable on computable f € C(R), uniformly from (a c.o.
name of) f.

M. Hoyrup and C. Rojas. “Computability of probability measures and
Martin-L&f randomness over metric spaces”. In: Information and Computation
207 (2009), pp. 830-847.



Given a computable metric space X and a sequence { (i} nen
in M(X), what are the necessary and sufficient conditions
for {1n}nen to effectively weakly converge to a computable
measure f € M(X)?

Before addressing this question, we must first answer the following:

Given a computable metric space X, what does it mean for a
sequence {in}nen in M(X) to effectively weakly converge?




Goals

Goals for this talk:

» Define effective weak (e.w.) convergence and uniformly
effective weak (u.e.w.) convergence in M(R)

» Show that sequences in M(RR) that are uniformly computable
and e.w. convergent tend to a computable measure in M(R)

» Distinguish e.w. convergence from classical weak convergence

» Show that e.w. and u.e.w. convergence in M(R) are equivalent
for uniformly computable sequences



Part II: Effective Weak Convergence of Measures
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Definitions

» Let {{n}nen be a sequence in M(RR) and X be a finite alphabet.

We say that {un}nen effectively weakly (e.w.) converges to
a finite Borel measure p if there exists a (partial) computable
function g :C N2 — N such that for any e, N, n € N, if the
eth Turing functional computes a c.o. name pr € X% of a
function f € Cp(R) with |f| < e, then g(e, N)|, and

n>g(e,N)= ’/ fd,u,,—/ fdu‘ < 27N
R R

We call g an effective modulus of convergence (e.m.o.c.) for
{.un}neN-




We say that {un}nen uniformly effectively weakly (u.e.w.)
converges to a finite Borel measure i if there exists a (partial)
computable function g :C ¥ xN? — N such that for any c.o.
name pr € ¥ of a function f € Cp(R) and any B, N, n € N,
|f| < B implies g(pf, B, N){, and

/fdu,,—/fdu‘ <27V
R R

We call g a uniformly effective modulus of convergence
(u.e.m.o.c) for {pin}nen-

n> g(ps, B,N) =




» Fix a,b € Q, E € B(R), a uniformly computable sequence
{qn}nen in Q that decreases to 0. The sequence
pn(E) = XE N[a— gn, b+ qgn]) e.w. converges to
w(E) = A(E N[a, b]), where X is Lebesgue measure on B(R).

» For a uniformly computable sequence {r,},cn in Q that
converges to some computable r € R, the sequence of Dirac
measures {0, } nen €.W. converges to J,.



Proposition. (R. 2020+)

If {ttn}nen is uniformly computable and e.w. converges to ,
then w is a computable measure.

Proof.

It suffices to show that f — fR fdu is a computable operator on
computable f : R — [0,1]. Let g be an e.m.o.c. for {yn}nen. For
computable f : R — [0,1] and t € N, we may find an index e > 1
of a Turing functional that computes a c.0. name of f with

|f| < ef, so g(er,t+1)}= ng. Then, compute a g € Q that
approximates [, fdpup, to within 2751 since {/in}nen is uniformly
computable. The result follows by definition of e.m.o.c. and the
triangle inequality. O



There exists a sequence of computable measures {in}nen
that weakly converges but does not e.w. converge.

Proof.

Let {gn}nen be a uniformly computable increasing sequence in Q
that converges to an incomputable left-c.e. a € R. For E € B(R)
and X Lebesgue measure on B(RR), the sequence {ip}nen defined
by 1n(E) = M E N[0, g]) weakly converges to

u(E) = ME N[0, a]), but fails to e.w. converge since

u(R) = A([0,a]) = « is not computable. O



Theorem. (R. 2020+)

Suppose {in}nen is uniformly computable. The following are
equivalent:

(1) {#n}nen is e.w. convergent;

(2) {#n}nen is u.e.w. convergent.




Proof Sketch.

(2) = (1): For g a u.e.m.o.c. of {fin}nen, let

g(e, N)|l=g(Pe, e, N), where {Pe}ccn is an effective enumeration
of all computable sequences in ¥=¥. O



Proof Sketch.

(1) = (2): Fix f € Cp(R) with c.o. name pf € =%, B € N with

|f| < B, and N € N. For g an e.m.o.c. of {jn}nen, define the

following effective procedure for g :C ¥ x N2 — N:

1. Compute a, ng € N so that pu([—a, a]¢) < 2~N=*/B and
pn([—a,a]c) < 27N=*/B for every n > ng.

2. Compute ¢ € Pg[—a, a] and n’ € N with n’ > ng so that
| [o(f —=¥)dp| <27N=2 and | [o(f — ¥)dun| < 27N=2 for
every n > n'.

3. Search for an index e € N of a Turing machine that computes a
c.o. name for 9 with |¢| < e, and let
g(pr, B, N)I=g(e, N +1).



Thank you!
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