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Introduction

Ramsey degree

Theorem 1 (Classical Ramsey theorem)

Every k-coloring C of [w]? admit an infinite set G such that such that
IC([G))] = 1.

Theorem 2 (Devlin [3])

For every k-coloring C of [Q]¢, there exists a X C Q with
(X, <) =2 (Q, <) such that |C([X]Y)| < rq. Where rq € w only depends
on d.
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Introduction

Definition 3 (Ramsey degree)

Given a structure U, a finitely generated substructure A of U, the
Ramsey degree of A with respect to U is the smallest r € w such that
the following is true. For every coloring C' : Embed(A,U) — k, there
exists a substructure G of U with G = U such that

|C(Embed(A,G))| <.

Let R be the universal countable homogeneous graph.

Theorem 4

» Ramsey degree of edge (with respect to R) is larger than 1 (Erdos,
Hajnal and Posa[6]);

» FEdge has Ramsey degree 2 with respect R (Pouzet and Sauer [10]);

» Fvery finite graph has finite Ramsey degree with respect to
R (Sauver [11])

Liu Lu ( Email: Proof strength of Tree Theorem March 26, 2020 4/53


g.jiayi.liu@gmail.com

Introduction

Definition of Tree Theorem

Consider the structure (2<“, <) where < denote the string extension
relation. By Chubb, Hirst and McNicholl[2]:

Statement 5 (Tree theorem for pairs (TT%))

Let Ag={0p <01 <+ <04-1}. For every d € w, A; has Ramsey
degree 1 with respect to (2<%, <).

Clearly each of the following Ramsey type theorem has a ”tree
version”: CAC, ADS, EM and TSﬁ. For example, the Tree version of
CAC (TCAC) states that

Statement 6 (TCAC)

Every partial order <* on 2<% admit an infinite perfect tree G such
that either for every two comparable string o, p € G, o, p are
<*-comparable, or for every two comparable string o, p € G, g, p are
not <*-comparable.
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Introduction

Remark 7
Despite being an interesting statement itself, many results of Ramsey
degree are proved by Milliken’s tree theorem (another type of tree
theorem), which is proved subsequently by Halpern-Lauchli theorem.
Our study of Tree theorem gives insight on proof strength of Milliken’s
tree theorem. For example, the k-hierarchy construction we use, gives a
proof of Halpern-Lauchli theorem in RCA.

v
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Definition of Erdos-Rado Theorem

Frittaion and Patey [7] proposed to study the Erdos-Rado theorem
(ER3):

Statement 8 (ER3 [5])

Every 2-coloring C of [Q]? admit a set G such that either G is infinite
and C([G]?) = 0, or G is of order type (Q, <) and C([G]?) = 1.

[5] observes that ER3 is close to TT3 (probably because that a string
can be seen as an interval of reals).
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Introduction

Known results

Dzhafarov and Hirst [4] observed that TT2 admit CJS-decomposition.
Let [2<¥]? = {{0o,p} : o is comparable to p}.

A coloring C': [2<¥]2 — k is stable iff: for every o, there exists a i € k
such that C({o, p}) =i for all but finitely many p € [0]=.

A coloring C : [2<¥]? — k is weakly stable iff: for every o, there exists a
N € w such that for every p € [o] with |p| = N, there exists ai € k
such that C({a, p'}) =i for all p' € [p]=.
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Introduction

Known results

Definition 10

» Stable Tree Theorem for pairs (STT,2c ): Every stable coloring
C : [2<¥]? — k admit an infinite perfect tree G such that
IC(G1)] = 1.

» Cohesive Tree Theorem for pairs (CTT% ): Every coloring
C : [2<¥]2 — k admit an infinite perfect tree G such that C
restricted on G is stable.

» Weak Cohesive Tree Theorem for pairs (WCTT3): Every coloring
C : [2<¥)2 — k admit an infinite perfect tree G such that C
restricted on G is weakly stable.

Proposition 11 ([4])
Over RCAg, TT2 is equivalent to STT2 + CTT2.

v
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Introduction

Known results

Obviously, every Ramsey type theorem is implied by its tree version.
Meanwhile, Dzhafarov,Frittaion and Patey [7], [5] proved that:

Over RCAy:
> [7] RT2 does not imply TT2 or ER3;
> [5] TT% does not imply ACAg.

This makes TT% the first natural theorem whose proof strength strictly
lies between RT2 and ACA.
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Introduction

Known results

Question 13

» (Dzhafarov, Patey) Over RCAg, does TT2 imply WKLg?
» (Dzhafarov, Patey) Over RCAg, does ER3 imply ACAq?

» Does every computable TT% instance admit lowy solution?

In a word, which result of RT% holds for their tree version and which
result does not. Since ER? is close to TT3, it’s also natural to ask:

Question 14 (Dzhafarov, Patey)

Does TT3 imply ER3?
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Our results

Theorem 15 (Chong,Li,Liu,Yang)

Over RCAy:

> TT% does not imply WKLg;

» ER3 does not imply ACA and STT% does not imply ER3;
» FEvery computable TT% imstance admit lows solution;
>

TADS does not imply CAC and TCAC does not imply SRT% (an
alternative approach to CAC vs ADS then that of LST);

Every computable STCAC instance admit a low solution;
TTSE,, does not imply TTS;

> FEvery TT}C instance admit generalized low solution.

vy
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CJS-style Seetapun forcing for TT%‘

We reprove the following result of Dzhafarov and Patey to demonstrate
the the CJS-style Seetapun forcing for TT,IC.

TT}C admit strong cone avoidance. i.e., for every TT,lC instance C' there
ezists a solution G such that G does not compute D* where D* is a
given incomputable degree.
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CJS-style Seetapun forcing for TTi

Forcing condition

For two trees F', F, we write F' = F if F C F' and F'\ F C [lvs(F)]~
(where lvs(F) is the set of leaves of F' and we rules that lvs(0) = {e}).

Definition 17

» A condition is a triple (F,T, D) where F is finite and perfect, T is
2-branching over each leaf of F such that T <y D and D* < D.

» A condition (F,T, D) forces a requirement Ry if for every G = F,
if G\ F CT, then G satisfy Ry.

» A condition (F',T",D’) extends (F,T,D) (written as
(F',T',D') < (F,T,D)) if D' >p D, F' = F, T' C T and
F\FCT.

As usual, a condition (F,T, D) is seen as a collection of solutions,
namely {F' = F : F'\ F C T, F’ is 2-branching}.
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CJS-style Seetapun forcing for TT%‘

Forcing condition

» A condition (F,T, D) forces =R on color i of C if F C C~'(i) and
for some Turing functional W, there exists no extension of
(F',T', D) of (F,T, D) with F' C C~(i) that forces Ry.

» A condition (0, T, D) potentially forces =R if there exists
(F,T",D") < (0,T, D) that forces =R.

Liu Lu ( Email: Proof strength of Tree Theorem March 26, 2020 15 /53


g.jiayi.liu@gmail.com

CJS-style Seetapun forcing for TTh

Forcing condition

Obviously:

If there exists a condition (0, T, D) and a i € k such that (0, T, D) does
not potentially force =R on color i of C, then there exists an infinite
perfect G C TN C~Y(i) such that D* £7 G.
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CJS-style Seetapun forcing for TTh

k-hierarchy

The key Lemma is the following.

Let Fo, -, Fr_1 be k sets of tree. We say Fg, -, Fr_1 1S a
k-hierarchy iff: Fo # 0 and for every i < k — 1, every F € F;, every
o € lvs(F), there exists I’ € F;41 such that F’ C [0]=.

/

\
\
\ /o s \\/
\ T, // \ \/ \ \//
\ '/ \Tz / T
\ \/ \/

Figure: A 2-hierarchy where Fy = {To}, F1 = {11, T>, T5}.
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etapun forcing for TT%,

Let Fo,- - ,Fir—1 be a k-hierarchy and suppose for every i € k, every
F e F;, (F,T,D) is a condition. Then there exists ani € k, a F € F;
such that (F,T, D) does not force =R on color i of C.
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CJS-style Seetapun forcing for TT%‘

Proof of Theorem 16

Assuming Lemma 21 and let’s prove Theorem 16. If for some i € k,
some condition (), T, D) does not potentially forces =R on color i of k,
then we are done by Lemma 19. Suppose this is not the case. Then let
(Fv, Ty, Do) be a condition in C~1(0) that forces —~R. For every

o € lws(Fy), let (F7,T¢,D7) < (0,To N [0]3, Dp) in C~1(1) that forces
—R. Moreover, we construct (Fy,TY7, DY) in successive order so that
for some degree Dy #1 D*, we have: T} = Usetvs(F) L7 <7 D1 and

Dy <p D; (this is the reason we incorporate a degree in the condition).
Note that {Fo}, {FY }oeivs(r) 18 @ 2-hierarchy. Keep doing this, we
finally obtain a k-hierarchy and a tree Tj_; such that violate Lemma
21.
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CJS-style Seetapun forcing for TTh

Proof of Lemma 21

Now we prove Lemma 21. Assume otherwise that for every i € k, every
F e F;, (F,T,D) forces =R with Turing functional ¥ being a witness.
Consider the question: Does every coloring C : 2<“ — k admit two
finite perfect tree ﬁb, Fy, some i € k and F € F; such that Fg, By = F,

Fo, L\ F C TN C1(3i) and TR (n) | U (n) | for some n.

If the answer is yes, substitute C by C, we have that for some ¢ € k and
F e F;, (F,T,D) extends (F,T, D) and forces Ry, a contradiction.
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CJS-style Seetapun forcing for TTh

Proof of Lemma 21

If the answer is no, let C' be a witness with C' & D #7r D*; and let

T <7 C & D be such that T'C T and for every o € lvs(Uick,rer,F),
there exists i, € k such that 7' N [0]2 CTn C’_l(ig).

The key point of k-hierarchy is that there must exist a i € k, F € F;,
7 = lvs(F') such that for every 7 € 7, i = ¢. Thus it is easy to check
that (F,T N [7]3,C @ D) is an extension of (F, T, D) that forces Ry,
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CJS-style Seetapun forcing for TTh

Applications: Preserving hyperimmune

Applying the CJS-style Seetapun forcing for TT4, we directly have the
following generalization of [9]

Given k — 1 many hyperimmune set X;,j <k —1, any TTS,lC instance
C : 2% — k, there exists a solution G of C' such that X;,j <k —1 are
all G-hyperimmune.
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CJS-style Seetapun forcing for TT%‘

Applications: Preserving hyperimmune

Corollary 23

Over RCAg, TTSZ,, does not imply TTSE.

Let C: 2<% — k be a A coloring induced by some stable TTS?
instance such that C~'(i) is hyperimmune for all i € k. By Theorem
22, and using the CJS decomposition of TTSZ, ; there is a model of
TTS?.; such that relativize to every member of that model, C1(i) is
hyperimmune for all ¢ € k. But any model of TTS% contains a member
G such that C~(4) is not G-hyperimmune for some i € k.

O]

v
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CJS-style Seetapun forcing for TTh

Applications: Genearlized low solution

The concept ”force =R” is non constructive. To construct a
generalized solution of a given TT% instance C, we carry out a
constructive version the mentioned CJS-style Seetapun forcing for TT3.
A single step of this construction is the following.

Let FF C C~1(0) be a finite perfect tree and for each o € lvs(F), let
F° C [0]2 N C~1(1) be a finite perfect tree. Let pp, pros be Turing
functional on specific input.

We ask: Does there exists a C' : 2<¢ — 2 such that for every finite
perfect tree F, if F'= F and '\ F C C~1(0), then ¢k 1; and if for
some o € lws(F), F = FCAF\ F° C [0]3NC~Y(1), then ¢k, 1.
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CJS-style Seetapun forcing for TTh

Applications: Genearlized low solution

If the answer is yes, substitute C by C, either we make a progress on
color 0, i.e., ' = FAEF\F C C71(0) Ak |; or for some & € lvs(F),
F=FIANF\F°C ClF]3NC(1)A ¢k | (progress on color 1).

If the answer is no, let C be a witness such that C is low and let T' be
such a tree that 7' C [E]= and is two branching over E where

E = lvs(F U (Uggps(ro)F7)); moreover, for every o € E, there exists i,
such that T N [0]2 € C~1(iy). Since {F}, {F}ocivs(F), either there
exists 7 = lvs(F'),7 C E such that i; = 0 for all 7 € 7 (progress on
color 0); or there exists a & € lvs(F), a 7 = lvs(F°) with 7 C E N [6]7
such that i, =1 for all 7 € 7 (progress on color 1).
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CJS-style Seetapun forcing for TTh

Applications: Genearlized low solution

If we progress on color 0, then the next initial segment set is

F Fo o€ lvs(ﬁ’) where F'7 = (); if we progress on color 1, then the
next initial segment set is F) F where F° = F° if & # 6 and F7 = F
if 0 = 6. In a word, a progress on color 0 can injure the current
progress on color 1 but not vice versa.
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CJS-style Seetapun forcing for TTh

Applications: Genearlized low solution

Note that either color 0 progress infinitely times which means we get a
desired solution in color 0, or at some point color 0 no longer progress.
Since [vs(F) is finite, there must exists a ¢ € lvs(F’) such that color 1
progress infinitely times on &, which means we get a desired solution in
color 1.
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Compare TTi and WKLg

See [1] for more details about this section.

A problem P admit strong avoidance (resp. avoidance) of PA degree if
for every P-instance (resp. computable P-instance) X there exists
solution Y of X such that Y is not PA degree.

By CJS-decomposition of TT%, to prove TT% does not imply WKL, it
suffices to prove the following;:

Theorem 25

TT,lC admit strong avoidance of PA degree.

.

Theorem 26

CTT% admit avoidance of PA degree.

We firstly deal with Theorem 25.
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Compare TTLIZc and WKLg

Reduce to ITY-class avoidance

A problem P admit II9-class avoidance of PA degree if for every non
empty I9-class @ of P-instance, there exists a X € @ and a solution Y’
of X such that Y is not PA degree.

Obviously strong avoidance=- I1{-class avoidance=> avoidance. But for
strong avoidance of PA degree of TT}C, we have the following:

Theorem 28

TT}C admit strong avoidance of PA degree if and only if TT,Ic admit
19-class avoidance of PA degree.

v

Combine the CJS-style Seetapun forcing with the Cross method of [8].
[]

v
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Compare TT’i and WKLg

Reduce to ITY-class avoidance

Moreover,

TT} admit T1-class avoidance of PA degree. \

Remark 30

The notion of I{-class avoidance is useful in simplifying the proof of a
result concerning WKLq. It avoids the use of complicated injury
method. Also note that IT{-class avoidance notion for RT3 give rise to
the problem RWKL.
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Compare TT%, and WKLg

CJS-decomposition of CTT%

Now we deal with CTT2, namely Theorem 26. Note that the solution
set of a given CTT% instance C' is not dense in the sense that not every
finite perfect tree F' extends to a solution of C. Therefore we firstly
carry out the CJS-decomposition of CTT%.

Given a tree T C k<%, a p € T, let |p|r denote the length of p with

respect to T. Given a p € k=¥, aset B={byp <b1 <--- <bp_1} C |p|,
let p [p= T where 7(m) = p(by,) for all m <n — 1 and |7| = |B].
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Compare TTi and WKLg

CJS-decomposition of CTT?

Definition 31

A k-tree-split on a tree T is a function f : T — Fin(k<“) such that for
every p € T,

(i) 0 # f(p) C klelr;
(ii) U ) Tplr—1= f(p);

p'=pAlp’|r=|plT+1

Given a k-tree-split f on T, a tree G C T' is homogeneous for f if there
exists an fg : G — k=% such that
(i) fe is a homomorphism of G into k<% (i.e., for every p, p’ € G,
p = p' implies fc(p) = fa(p')) and |fa(p)| = lpla;
(ii) For any p € G, let pg < p1 < -+ < pp, = p be the predecessors of p
in G. Then there exists a ¢ € f(p) such that
f&(p) = € Njpolr—1lprlr—1, lonlr—1}

v
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Compare TTLIZc and WKLg

CJS-decomposition of CTT?

A k-tree-split f on T is stable iff for every o € T there exists a
p € TN [o]= such that f(p) C [¢]Z for some ¢ with [¢| = |o]r.

Proposition 33

For every weak stable coloring C : [2<%]? — k, there exists a A
k-tree-split f (on 2<%) such that for every tree G, if G is homogeneous
for f, then C restricted on G is stable. Moreover, for every AY stable
k-tree-split there exists a computable weak stable coloring

C : [2<%]?2 — k such that every homogeneous tree G of C is
homogeneous for f.

v

In a word, Proposition 33 says that CTT% can be CJS-decomposed into
wCTT? and k-tree-split.
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Compare TT’i and WKLg

Strong avoidance of k-tree-split

It’s obvious that wCTT7 admit avoidance of PA degree. Meanwhile we
have the following:

For any k-tree-split f, there exists an infinite perfect tree G
homogeneous for f such that G is not a PA degree.

The proof is by combining the cross method with the following
property of k-tree-split.

A k-tree-split f : T — Fin(k<“) is refined iff for every p € T, every
¢ € f(p), there exists p' € T N [p]= such that f(p”) N [¢]= # O for all
P eT N[
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Compare TT’i and WKLg

Strong avoidance of k-tree-split

Given two k-tree-split f, f/, we have:

Lemma 36

Q There exists a refined k-tree-split f (on T') such that f(p) C f(p)
for all p € T (call such f a refinement of f).

@ If F is a finite tree homogeneous for a Teﬁnementf of f, then
there exist a § C T with §= {(F) and a k-tree-split f on T N [p]=
such that for every tree G C T N [p] homogeneous for f, FUG is
homogeneous for f.

© The collection of k-tree-split on T is a T1Y-class.

Q There exists a k2:tree—split f on T such that for every tree G
homogenous for f, G is homogeneous for both f, f’.
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A note on sufficiency notion

Non rigorously speaking, the sufficiency notion of Problem P is a
sentence 9 (F, T, X) (usually X9 or I19) about a finite set F of initial
segment of P-solution, the associated Mathias tail 7" and a given
P-instance X such that when ¢(F, T, X) is true, whatever the
P-instance X looks like, one of the initial segment extends to a solution
of X satisfying the restriction of T'.

Example 37

Given a TT,IC instance C. If Fy,- -+, Fr_1 is a k-hierarchy with Fo # 0,
Uper, ' C C71(i) and T is two branching over every

o € lws(Uiek,rer, '), then whatever C looks like, there exists a i € k, a
F € F;, an infinite tree G = F such that G\ F C T N C~(3). i.e., the

k-hierarchy gives the sufficiency notion of TT}C.
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A note on sufficiency notion

Given a k-tree-split f. By Lemma 36 item 1,2, we have if for every
k-tree-split f’, there exists a F' € F homogeneous for f’, then whatever
f looks like, there exists a F* € F, an infinite tree G = F* (two
branching over lvs(F*)) such that G is homogeneous for f. By
compactness argument (Lemma 36 item 3), this is a 3{ sentence.
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A note on sufficiency notion

Another well known example is that bushness gives the sufficiency
notion for DNR. A tree T is 2-bushy if for every non leaf node o € T,
there exists at least 2 immediate successors of o in T

For every X € w¥, every 2-bushy tree T, there exists o € ¢(T") such
that o(n) # X(n) for all n < |o|. Which means o extends to a DNR
solution to X. Here a DNR solution to X is a Y € w® such that

Y (n) # X(n) for all n.
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A note on sufficiency notion

The sufficiency notion plays a key role in all reverse math study of
Ramsey type theorem (although sometimes it’s too trivial to be
noticed).

The sufficiency notion plays a key role in our lows construction of TT%.
To simplify things, we give a vague idea of our proof of lows
construction of TT,2C by demonstrating a proof of lowy construction of
CRT3 using the sufficiency notion.
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A lowg construction using sufficiency notion

The first failed approach

Recall that the CJS-lows construction for CRT3 is by defining a
largeness notion. Fix a coloring C : [w]? — 2. Let’s firstly consider the
following largeness notion (which fails).

Let F, X C w where F is finite and X > F', let ¢ be a Ay formula. We
say X is (F,1)-large iff: for every group of appropriate set

Fy, -, F,_1 (i.e., Uy Fy, is finite and U, F),, C X)), every = € w, there
exists a m < n — 1, an appropriate set G (i.e., G C X A G > F,,) such
that |Cp,, (G)| =1 and (3y)¥(z, FU F,, UG [y). Where for a finite set
F ={09,01, - ,05_1}, Cr(z) = C({o0,2})" -~ C({os_1,7}) € 2F.

Let’s see why this largeness notion fails. The key point for a largeness
notion to work is that the largeness notion should be preserved when
shrinking the Mathias tail X in certain way (say in the way determined
by C).
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A lowg construction using sufficiency notion

We want that for every approprlate group of finite sets Fy, - - - Fn 1,
there exists an m < n, a color i € 2 of F,,, such that X N Cj, () is

(F'U Fy,,1)-Large. Where CFm( §) = {7/ :Vz € Fr|C({z,7'}) = z( )]}

However this is not true. Let’s prove by contradiction and see where
the proof fails. Suppose for every m < n, every color i € 2 of F,,
XN C’Ei () is not (F'U Fyy,,1)-Large. So there is a sufficiently large

x € w for every m < n, every i€ 2F ™ there exists an appropriate
group of sets F,_ - . m <n, _ -such that for every appropriate G in the

Mathias condition (F U Fp UF, - X N Cpl(@), if |Cr . (G)] =1,

m;m’
then Vy—p(z, F U Fy, UFm;m,G I y). Note that

FoUF - m<n,ie2f m< Ny 7 is an appropriate group. To

m,i,m’
derive a contradiction, we want that for every appropriate G, if G is

monochromatic for F,, U F then Vy—(z, F U F, U mem’ G y).

However, this is not true, we only have that if G is in color / of £, and
monochromatic for F,, U F then Vy—)(z, F U F, U Fm T Gly).

m,1,m
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A lowsz construction using sufficiency notion

The second failed approach

In a word, each F,, UF_ - . only witnesses that ¢ cannot be forced
positively on some colors of F},, but not all of them. To remedy this

let’s try another largeness notion (which still fails).

X is (F w) large 1ff for any appropriate set-color pairs
(Fo, zo) y (F—1, B 1), there exists a m < n, an appropriate set G
such that G is in color 4y, of F,, and (Jy)yY(F U F, UG [y).

This largeness notion fails because for some appropriate group of

set-color pair (Fjp, Zo), oo (Freq, fn_l), there may not exists a m < n,
such that C;ﬂi (4mm) is non empty.
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A lowg construction using sufficiency notion

A largeness notion using sufficiency

To remedy this, we restrict on those group of sets who guarantee a
m < n such that X N C;:l (1) is infinite whatever C' looks like.

A group of set-color pair (Fo,fo), e ,(Fn_l,fn_l) is sufficient iff for
every function g € 2Y=fm  there exists a m < n such that g [z, agrees
with 4,,. The intuition is that if a group of set-color pair is sufficient,
then whatever C' looks like, there must exists a m < n such that

X N Cp (im) is infinite.

X is (F,)-large iff: for any = € w, any sufficient group of set-color pair

(Fg,fo), e ,(Fn_l,zn_l), there exists a m < n, an appropriate set G
such that G is in color iy, of Fy, and (Jy)y(z, FU F, UG [,).
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A lowg construction using sufficiency notion

Let’s prove this largeness notion preserves. i.e., For any sufficient group
of set-color pair (Fy,ig), - ,(Fn-1,in—1), there exists a m < n, such
that X N CE:Z (im) is (F'U Fp,1)-Large.

Suppose otherwise this is not true. Unfolding the definition, there
exists an € w, and for each m < n, there exists an approprlate
sufficient group of set-color pair (Fm 0, im 0) s (Frmnm—1, i T )
such that for every m < n,,, every appropriate set G in color Zm, ;mm
of Fpn, F respectively, we have: (Vy)—¢(z, FU Fp, U Fpp, 5, UG [y).
Consider (Fp, U Fpy, 5, i - me), m < mn,m < n, as a group of set-color
pairs. It suffices to prove that this group is sufficient.

Given a function g € 2(mFm)U(UnmFmm) gince Umﬁme,m and U, Fp,
are mutually disjoint, g can be seen as a concatenation ¢’ - § where

9 =9 UnFn a0d § =g [0, 0 Frn Slnce {(F, zm)}m<n is sufficient,

-

there exists a m’ such that ¢' [r ,= i since {(Epy m,zm ) bivn, 18
sufficient, there exists a m < ny, such that g [ , = - - Thus g
agrees with 7, - Zm/,fn A e | B
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To make this approach works for WCTTz, we need to incorporate
combinatorics for trees. Because on trees, providing one witness
LU me)}m<nm (for the largeness to fail) no longer guarantee that
the resulted group is still sufficient.
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Questions

Reverse math question

Question 40
Does STT2 implies CTT3?

Monin and Patey have recently make a breakthrough separating COH
from SRT%. Although their method likely applies here, the solutions of
a CTT% instance is not dense. So we may simply separate the
k-tree-split from STT3. But we don’t even know if RT} (or even subset
problem, fast growing function) could code (or not) k-tree-split.

Question 41

Does there exists a k-tree-split instance f such that for every g € w®,
there exists a g > g such that g does not compute a solution of f?
Does there exists a k-tree-split instance f and an infinite set X such
that every subset X of X does not compute a solution of f.
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Questions

Question 42

> What is the proof strength of ”Ramsey degree of A < r” with
respect to U (hence forth RD(A, r;U)).

» For 1’ > r, show that for some structure U, RD(A,r';U) is weaker
than RD(A, r;U).

Devlin proved that pairs have Ramsey degree 2 with respect to (Q, <)
(hence forth RD(2,2; (Q, <))) and we have noticed that RD(2, 3; (Q, <))
is equivalent to ACA. But we guess RD(2,4; (Q, <)) does not.

Question 43

Is it true that RD(2,4;(Q, <)) does not imply ACA?
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Questions

Usually, to prove RD(A, ;i) means to find a structure satisfying a
particular picture. For example, RD(2,2; (Q, <)) is proved by showing
that for every coloring C : [Q]? — k, there exists a (X, <) = (Q, <) and
109,%1 € k such that

VYV € XV¥y € (z,00) N X[C({x,y}) = ig);
Ve € XV¥y € (—o0,2) N X[C({z,y}) = i1].

Since RD(2,2; (Q, <)) is equivalent to ACA, to prove RD(2,2; (Q, <)), it
is necessary to construct an X as above. But on general, we do not
know

Question 44

Is this always the case?
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Questions

Unlike the classical Ramsey theorem where RT%Jrl implies RT%, it is
not obvious whether RD(d + 1, r; (Q, <)) implies RD(d, ’; (Q, <)) when
r’ < r. Analyzing the proof of Devlin’s theorem (see Section 6.3 of
[12]), it seems still true that RD(d, r4; (Q, <)) is equivalent to ACA
when d > 2. Where ry refers to the Ramsey degree of d-tuple with
respect to (Q, <). But the general case is not clear.

Question 45

Given two finitely generated substructure A C A’ of U, does
RD(A’,r4;U) implies RD(A, 7 4;U). Where 74,74/ refers to the
Ramsey degree of A, A’ respectively with respect to U.
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Questions

Others

Question 46

Is there an abstract definition of (an automatic way to derive)
CJS-decomposition?

Our current understanding of CJS-decomposition of a problem P is
following. P =S 4+ C. Where solutions of C instance is ”dense” (in the
sense that every initial segment extends to a solution). The collection
of S instance is a I1{ class; given a S instance X, the "finite” solution of
X is enumerable in X, the set of solutions of X is a H?’X class.
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Question 47

Given a problem P, is there a "most” hyperimmune property for P?

For example, RT% instance X : w — 2 is 2-hyperimmune if for every
computable array of increasing disjoint finite set pairs {(Ag, A7) bnew,
there exists an n* such that A? C X~1(i); X is hyperimmune if for
every i € 2, every computable array of increasing finite set { A, }new,
there exists an n* such that A,+ C X 1(i). So 2-hyperimmune implies
hyperimmune. And 2-hyperimmune seems to be the strongest known
hyperimmune property of RT%.

A hyperimmune property of a P-instance X usually says that for every
computable list of description of X, X diagonalize one of them
whenever it is possible to do so. Clearly, we need to put certain
restriction on the description allowed. The property usually makes it
hard to solve X, but can also imply existence of weak solutions (For
example, Denis pointed to me that if color i of a A RT% instance is
hyperimmune, then it admit a low solution in color 1 — 7).
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As far as I could think of, there is no two known hyperimmune
properties of a problem contradicting each other. This indicates that
there might be a "most” hyperimmune property for many problems.
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Questions

Thank you for attending. Is there any questions?
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