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Recall that a set X is said to be finite if there exists an n € w such that
| X| = |n| (here |z| = |y| is taken as an abbreviation of “there is a bijection
between x and y”).

Dedekind’s definition of finite: X is finite if every injective function

: X — X must be surjective. (Think in terms of negations: a set X is infinite,
according to Dedekind’s definition, if there exists an injective function

: X — X that is not surjective.)
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| X| = |n| (here |z| = |y| is taken as an abbreviation of “there is a bijection
between x and y”).

Dedekind’s definition of finite: X is finite if every injective function

: X — X must be surjective. (Think in terms of negations: a set X is infinite,
according to Dedekind’s definition, if there exists an injective function

: X — X that is not surjective.)

It is easy to show that every finite (according to the usual definition) set must
be Dedekind-finite as well. However, the converse—though also
easy—requires some use of the Axiom of Choice.
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Finiteness

Recall that a set X is said to be finite if there exists an n € w such that
| X| = |n| (here |z| = |y| is taken as an abbreviation of “there is a bijection
between x and y”).

Dedekind’s definition of finite: X is finite if every injective function

: X — X must be surjective. (Think in terms of negations: a set X is infinite,
according to Dedekind’s definition, if there exists an injective function

: X — X that is not surjective.)

It is easy to show that every finite (according to the usual definition) set must
be Dedekind-finite as well. However, the converse—though also
easy—requires some use of the Axiom of Choice.

To see why: the usual proof goes by contrapositive, starting from an infinite
set X and attempting to show that X is Dedekind infinite.
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Finiteness

Recall that a set X is said to be finite if there exists an n € w such that
| X| = |n| (here |z| = |y| is taken as an abbreviation of “there is a bijection
between x and y”).

Dedekind’s definition of finite: X is finite if every injective function

: X — X must be surjective. (Think in terms of negations: a set X is infinite,
according to Dedekind’s definition, if there exists an injective function

: X — X that is not surjective.)

It is easy to show that every finite (according to the usual definition) set must
be Dedekind-finite as well. However, the converse—though also
easy—requires some use of the Axiom of Choice.

To see why: the usual proof goes by contrapositive, starting from an infinite
set X and attempting to show that X is Dedekind infinite. One does this by
recursively choosing elements x, € X \ {zo, ..., 7,1} and then considering
Tpt1 If = xp,
x otherwise

the function f : X — X given by f(z) = , which is M&

injective but not surjective.
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Recall that a set X is said to be finite if there exists an n € w such that
| X| = |n| (here |z| = |y| is taken as an abbreviation of “there is a bijection
between x and y”).

Dedekind’s definition of finite: X is finite if every injective function

: X — X must be surjective. (Think in terms of negations: a set X is infinite,
according to Dedekind’s definition, if there exists an injective function

: X — X that is not surjective.)

It is easy to show that every finite (according to the usual definition) set must
be Dedekind-finite as well. However, the converse—though also
easy—requires some use of the Axiom of Choice.

To see why: the usual proof goes by contrapositive, starting from an infinite
set X and attempting to show that X is Dedekind infinite. One does this by
recursively choosing elements x, € X \ {zo, ..., 7,1} and then considering
Tpt1 If = xp,
x otherwise

the function f : X — X given by f(z) = , which is M&

injective but not surjective. Clearly there’s a lot of choice involved in this
construction!
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Notions of finiteness Examples

Some examples of finiteness classes (that have been considered previously in
the literature):

Example

@ The class of all X such that it is impossible to partition X in two infinite
pieces (denoted A-Fin),

@ the class of all X such that there is no surjection : X — w (denoted
C-Fin),

@ the class of all X such that no proper subset of X can surject onto X
(denoted E-fin).

All of these classes are (consistently) different from one another, as well.
from the classes Fin and D-Fin. i
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Recall that Ramsey’s theorem (which is provable in ZFC) states that, for every
infinite set X, and for every colouring ¢ : [X]? — 2, there exists an infinite set
Y C X such that ¢ | [Y]? is a constant function (we say that [Y]? is

monochromatic for c).




Ramsey-finiteness

Recall that Ramsey’s theorem (which is provable in ZFC) states that, for every
infinite set X, and for every colouring ¢ : [X]? — 2, there exists an infinite set
Y C X such that ¢ | [Y]? is a constant function (we say that [Y]? is
monochromatic for c). Thus, in ZF it makes sense to make a finiteness class
out of those sets for which Ramsey’s theorem fails.
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Recall that Ramsey’s theorem (which is provable in ZFC) states that, for every
infinite set X, and for every colouring ¢ : [X]? — 2, there exists an infinite set
Y C X such that ¢ | [Y]? is a constant function (we say that [Y]? is
monochromatic for ¢). Thus, in ZF it makes sense to make a finiteness class
out of those sets for which Ramsey’s theorem fails.

We define the class R-Fin of all sets X for which there exists a colouring
c:[X]? — 2 such thatif Y C X is infinite, then [Y]? is not monochromatic for

C.




Recall also that Hindman’s theorem, when phrased in terms of finite unions,
states that for every colouring ¢ : [w]<* — 2, there exists an infinite pairwise
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Recall also that Hindman’s theorem, when phrased in terms of finite unions,
states that for every colouring ¢ : [w]<* — 2, there exists an infinite pairwise

disjoint family Y C [w]<“ such that the set FU(Y) =« | y|F € [Y]<W} is
yeFr

monochromatic. In ZFC, we can replace [w]<“ with [X]<“ whenever X is an
infinite set. So in ZF it makes sense to make a finiteness class out of those
sets X for which this version of Hindman’s theorem fails.
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Recall also that Hindman’s theorem, when phrased in terms of finite unions,
states that for every colouring ¢ : [w]<* — 2, there exists an infinite pairwise

disjoint family Y’ C [w]<“ such that the set FU(Y) = ¢ |J y|F € [Y]<W} is
yeFr

monochromatic. In ZFC, we can replace [w]<“ with [X]<“ whenever X is an
infinite set. So in ZF it makes sense to make a finiteness class out of those
sets X for which this version of Hindman’s theorem fails.

We define the class H-Fin of all sets X for which there exists a colouring
c: [X]<¥ — 2 such thatif Y C X is infinite and pairwise disjoint, then FU(Y)
is not monochromatic for c.
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A-finite

C-finite

E-finite

Finite

H-finite

D-finite.
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A-finite
C-finite\ R-finite
E-finite H-finite
D-finite.
These arrows exhaust the implications between these notions that are l“(l?\ﬂ‘, Bl
provable in ZF. ‘



A-finite

ﬂ

C-finite

AN

E-finite

provable in ZF. How does one come up with an independence proof

in this context?

Finite

H-finite

D-finite.
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Frankel-Mostowski permutation models of ZFA.

The theory ZFA is as follows: the language contains, in addition to the symbol
€, two constant simbols A and @. The axioms are just like those of ZF, except
that every quantifier Vz gets replaced by Va ¢ A, and with the extra axioms
—(3z)(x € @) and (Vz)(z € A <= (z # @ A =(3x)(z € 2))).
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Frankel-Mostowski permutation models of ZFA.

The theory ZFA is as follows: the language contains, in addition to the symbol
€, two constant simbols A and @. The axioms are just like those of ZF, except
that every quantifier Vz gets replaced by Va ¢ A, and with the extra axioms
—(3z)(x € @) and (Vz)(z € A <= (2 # @ A —(3x)(z € 2))). Intuitively, A is
the set of atoms—entities that do not contain elements, but rather can only be
themselves elements of other sets—.

Because ZFA includes a suitable modification of the Axiom of Foundation, in
this theory we also have an analog of Zermelo’s hierarchy: V, = A,

Vat1 = p(Vo) UVy, and V, = |J Ve if ais a limit ordinal.
{<a
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The tool that we will use for our independence proofs is the technique of
Frankel-Mostowski permutation models of ZFA.

The theory ZFA is as follows: the language contains, in addition to the symbol
€, two constant simbols A and @. The axioms are just like those of ZF, except
that every quantifier Vz gets replaced by Va ¢ A, and with the extra axioms
—(3z)(x € @) and (Vz)(z € A <= (2 # @ A —(3x)(z € 2))). Intuitively, A is
the set of atoms—entities that do not contain elements, but rather can only be
themselves elements of other sets—.

Because ZFA includes a suitable modification of the Axiom of Foundation, in
this theory we also have an analog of Zermelo’s hierarchy: V, = A,

Vat1 = p(Vo) UV,, and V, = |J Ve if ais a limit ordinal. We can also define
{<a

stuff by e-recursion.
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and) defined recursively by:

m(z) = {n(y)|y € z}.




Frankel-Mostowski models Permutations, supports

Suppose that 7 € Sym(A), that is, 7 is a permutation of the elements of A.
Then 7 induces an automorphism of the whole universe, (denoted also by =
and) defined recursively by:

m(z) = {n(y)|y € z}.

Now suppose that we have a subgroup G C Sym(A). A support for z (relative
to G)is aset £ C A such that, whenever r,0 € G, ifr | E =0 | E, then

7(x) = o(zx) (that is, knowing where the elements of E are mapped already
determines where z is mapped).
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Frankel-Mostowski models Permutations, supports

Suppose that 7 € Sym(A), that is, 7 is a permutation of the elements of A.
Then 7 induces an automorphism of the whole universe, (denoted also by =
and) defined recursively by:

m(z) = {n(y)|y € z}.

Now suppose that we have a subgroup G C Sym(A). A support for z (relative
to G)is aset £ C A such that, whenever r,0 € G, ifr | E =0 | E, then

7(x) = o(zx) (that is, knowing where the elements of E are mapped already
determines where z is mapped). Equivalently, E is a support for z if and only if
every 7 € G that pointwise fixes each element of E, must satisfy 7(z) = z.
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Frénkel-Mostowski models Permutations, supports

Suppose that 7 € Sym(A), that is, 7 is a permutation of the elements of A.
Then 7 induces an automorphism of the whole universe, (denoted also by =
and) defined recursively by:

m(z) = {n(y)|y € z}.

Now suppose that we have a subgroup G C Sym(A). A support for z (relative
to G)is aset £ C A such that, whenever r,0 € G, ifr | E =0 | E, then

7(x) = o(zx) (that is, knowing where the elements of E are mapped already
determines where z is mapped). Equivalently, E is a support for z if and only if
every 7 € G that pointwise fixes each element of E, must satisfy 7(z) = z.
(Note that supports are not unique: if F is a support for z, and £ C E’ C A,
then E’ is also a support for x).
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L VLl /mevic e reredarly symmetiesets
Work in the theory ZFA plus AC. Suppose that G is a subgroup of Sym(A).
@ 1z is symmetric (relative to G) if it admits a finite support (that is, if there
is a finite F' C A such that F'is a support for x relative to G),
@ z is hereditarily symmetric if and only if every element of the transitive
closure of x is symmetric.

@ The Frankel-Mostowski model given by G (this also depends on the set
of atoms A) is the (transitive) class M (A, G) of all hereditarily symmetric
sets.

@ /fz is a pure set (that is, the transitive closure of x does not contain any
atoms), then x € M (A, G),

Q Aec M(AG) (and thus A C M(A,G) as well),

@ M(A,G) F ZFA (but, in general, M (A, G) ¥ AC, even if we started by
assuming AC in the real world).

VAR
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The technique of Frankel-Mostowski permutation models is extremely flexible
to obtain various models of ZFA. What does this all have to do with ZF?

If o is a sufficiently simple formula (where “sufficiently simple” has a fairly
technical meaning, but all of the statements of interest here will be sufficiently
simple), then the existence of a Frdnkel-Mostowski model M (A, G) E ¢
implies the existence of a model of ZF + .

For example, one can take the so-called first Frdnkel Model. We begin by
taking a countably infinite A and let G = Sym(A). Then, in M (A4, G), we have
that A is A-finite, H-finite, and R-infinite. This shows that H-finite does not
imply R-finite in ZFA, and so this implication does not hold in ZF either, g
by the Jech—Sochor theorem. S
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N 7 i




Another model that we can consider is the second Frankel Model. Here, we
begin by letting A = |J P,, where the P, are pairwise disjoint and each

n<w
|P,| = 2.




Another model that we can consider is the second Frankel Model. Here, we
begin by letting A = |J P,, where the P, are pairwise disjoint and each

n<w

|P,| = 2. We now let G C Sym(A) be the group

G = {r € Sym(A)|(Vn < w)(x[P,] = P.)}




Another model that we can consider is the second Frankel Model. Here, we
begin by letting A = |J P,, where the P, are pairwise disjoint and each

n<w

|P,| = 2. We now let G C Sym(A) be the group
G = {m € Sym(A)|(Vn < w)(x[P.] = P,)}

Then in M (A, G), itis the case that the set A is H-infinite, C-infinite, and
R-finite.




Frankel-Mostowski models Another model

Another model that we can consider is the second Frankel Model. Here, we
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n<w

|P,| = 2. We now let G C Sym(A) be the group
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Frankel-Mostowski models Another model

Another model that we can consider is the second Frankel Model. Here, we
begin by letting A = |J P,, where the P, are pairwise disjoint and each

n<w

|P,| = 2. We now let G C Sym(A) be the group
G = {r € Sym(A)|(vn < w)(x[P,] = P.)}

Thenin M (A, G), itis the case that the set A is H-infinite, C-infinite, and
R-finite. This shows now that R-finite does not imply H-finite in ZF.

As part of our work, we find various Frankel-Mostowski models (some more
technically complicated than others) to explicitly show that there are no further

implication arrows, other than the ones in the previously shown diagram,
between all of the finiteness classes under consideration.
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If you found this interesting, here are some pointers for further details:



https://arxiv.org/abs/1910.11025
https://www.youtube.com/watch?v=eFs7oIhqF6o

If you found this interesting, here are some pointers for further details:

ArXiv:1910.11025 (the paper containing all of the results mentioned here).



https://arxiv.org/abs/1910.11025
https://www.youtube.com/watch?v=eFs7oIhqF6o

If you found this interesting, here are some pointers for further details:

ArXiv:1910.11025 (the paper containing all of the results mentioned here).

https://www.youtube.com/watch?v=eFs7oThgF6o (a video
containing an extended version of this talk).



https://arxiv.org/abs/1910.11025
https://www.youtube.com/watch?v=eFs7oIhqF6o

If you found this interesting, here are some pointers for further details:

ArXiv:1910.11025 (the paper containing all of the results mentioned here).

https://www.youtube.com/watch?v=eFs7oThgF6o (a video
containing an extended version of this talk).

Thank you for reading this non-standard remote talk at this non-standard
virtual conference!!!



https://arxiv.org/abs/1910.11025
https://www.youtube.com/watch?v=eFs7oIhqF6o
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